Introduction {#Sec1}
============

The standard approach to uncertainty in portfolio selection models is to refer to a unique real-world probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$, usually estimated from data. Nevertheless, sometimes, due to the presence of unobserved variables or since the information is partial, misspecified or "imprecise", it is no longer possible to handle uncertainty through a single probability measure. This has led to the development of models taking care of ambiguity, i.e., coping with a class of probability measures.

In recent years a growing interest has been addressed towards ambiguity in decision and economic literature (see, e.g., the survey papers \[[@CR5]\] and \[[@CR6]\]). Mainly, the aim is to propose models generalizing the classical subjective expected utility model in a way to avoid paradoxical situations like that discussed in \[[@CR4]\], showing preference patterns under ambiguity that are not consistent with the expected utility paradigm. In particular, referring to the Anscombe-Aumann framework, the seminal papers \[[@CR17]\] and \[[@CR7]\] incorporate ambiguity in decisions, respectively, either through a non-additive uncertainty measure or through a class of probability measures. The two approaches are generally not equivalent but in case of a 2-monotone capacity \[[@CR19]\] they reduce to Choquet expected utility. Choquet expected utility has been investigated also in a von Neumann-Morgenstern-like framework, by referring to "objective" completely monotone capacities modeling generalized lotteries \[[@CR2], [@CR10], [@CR14]\].

In this paper, we formalize a dynamic portfolio selection problem under ambiguity, referring to an $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-contamination \[[@CR9]\] of a binomial market model \[[@CR3]\] and to a CRRA utility function \[[@CR18]\]. Thanks to the completeness of the market, we formulate the dynamic portfolio selection in terms of the final wealth. Moreover, since the lower envelope of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-contamination class, obtained from the real-world probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$, is a completely monotone capacity, we assume that the investors' preferences are consistent with the Choquet expected utility theory. The problem amounts to finding a final wealth maximizing the corresponding Choquet expected utility functional. We stress that, due to the properties of the Choquet integral \[[@CR8]\], an agent which is a Choquet expected utility maximizer is actually an expected utility maximinimizer, with respect to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-contamination class.

Notice that, referring to a one-period model, a portfolio selection problem under ambiguity via maximinimization has been faced in \[[@CR15], [@CR16]\]. Moreover, our problem is analogous to that formulated in Appendix C of \[[@CR11]\], the latter differing from ours for working in a continuous setting and considering a distortion of the probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$.

We show that our problem can be reduced to a family of linearly constrained concave problems, indexed by the set of all permutations of the sample space. Moreover, the initial problem is proved to have a unique optimal solution. Focusing on the special case of uniformly distributed stock returns (determining a uniform probability distribution on the sample space) we provide a characterization of the optimal solution relying only on a number of permutations equal to the cardinality of the sample space. Yet in the uniform case, we study the effect of the contamination parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ on the optimal portfolio, showing the presence of a threshold above which the optimal self-financing strategy reduces to 0 for all times: this highlights that with such values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ the ambiguity in the model is so high to make the risk-free portfolio the most suitable choice.

This paper differs from the approach used in \[[@CR12]\], where among their results, the authors characterize a generalization of the random walk by replacing a probability with a capacity on the branches of a tree, for each time and by imposing dynamic consistency (or rectangularity). We stress that dynamic consistency is a mathematically helpful property in order to capture a form of martingale property, but it is a strong limitation for a non-additive measure.

Dynamic Portfolio Selection in the Binomial Model {#Sec2}
=================================================

We refer to the multi-period binomial model introduced by Cox, Ross and Rubinstein \[[@CR3]\]. Such model considers a perfect (competitive and frictionless) market under no-arbitrage, where two basic securities are traded: a non-dividend-paying stock and a risk-free bond.

The evolution of the prices of such securities is expressed by the stochastic processes $\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{S_t}{S_{t - 1}} = \left\{ \begin{array}{ll} u, &{} \text{ with } \text{ probability } p\\ d, &{} \text{ with } \text{ probability } 1 - p \end{array} \right. \quad \text{ and } \quad \frac{B_t}{B_{t-1}} = (1 + r), $$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$u>d>0$$\end{document}$ are the "up" and "down" stock price coefficients, *r* is the risk-free interest rate over each period, satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u> (1+r) > d$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$$p \in (0,1)$$\end{document}$ is the probability of an "up" movement for the stock price.

All the processes we consider are defined on a filtered probability space $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varOmega ,\mathcal {F},\{\mathcal {F}_t\}_{t=0,\ldots ,T},\mathbf {P})$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega = \{1,\ldots ,2^T\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}_t$$\end{document}$ is the algebra generated by random variables $\documentclass[12pt]{minimal}
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                \begin{document}$$t = 0,\ldots ,T$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}_T = \mathcal {F}= \wp (\varOmega )$$\end{document}$, where the latter denotes the power set of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {E}^\mathbf {P}$$\end{document}$ denotes the expected value with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$.
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                \begin{document}$$\{S_0,\ldots ,S_T\}$$\end{document}$ is a multiplicative binomial process where the returns $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{S_1}{S_0},\ldots ,\frac{S_T}{S_{T-1}}$$\end{document}$ are i.i.d. random variables, and the probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$, usually said *real-world probability*, is completely singled out by the parameter *p*, indeed, for $\documentclass[12pt]{minimal}
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                \begin{document}$$k = 0, \ldots , t$$\end{document}$, we have that$$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathbf {P}(S_t = u^kd^{t-k}s) = \frac{t!}{k!(t-k)!}p^k(1-p)^{t-k}. $$\end{document}$$We consider a *self-financing strategy* $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\theta _0,\ldots ,\theta _{T-1}\}$$\end{document}$, that is an adapted process where each $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta _t$$\end{document}$ is the (random) number of shares of stock to buy (if positive) or short-sell (if negative) at time *t* up to time $\documentclass[12pt]{minimal}
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                \begin{document}$$t+1$$\end{document}$. Such strategy determines an adapted wealth process $\documentclass[12pt]{minimal}
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                \begin{document}$$\{V_0,\ldots ,V_T\}$$\end{document}$, where, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_{t+1} = (1+r)V_t + \theta _tS_t\left( \frac{S_{t+1}}{S_t} - (1+r)\right) . \end{aligned}$$\end{document}$$This market model is said to be *complete*, i.e., there is a unique probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$, usually said *risk-neutral probability*, such that the discounted wealth process of any self-financing strategy is a martingale under $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E}_0^\mathbf {Q}$$\end{document}$ can be identified with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E}^\mathbf {Q}$$\end{document}$. In particular, completeness implies that every payoff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_T \in \mathbb {R}^\varOmega $$\end{document}$ depending only on the stock price history can be replicated by a dynamic self-financing strategy $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathbf {P}(i) = p^k(1-p)^{T-k} \quad \text{ and } \quad \mathbf {Q}(i) = q^k(1-q)^{T-k}. $$\end{document}$$In the market model we have just introduced, the real-world probability measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {P}$$\end{document}$ is assumed to encode the beliefs of an investor. Assuming that investor's preferences are consistent with the expected utility theory, given a utility function *u* with $\documentclass[12pt]{minimal}
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                \begin{document}$$ \max _{\theta _0,\ldots ,\theta _{T-1}} \mathbf {E}^\mathbf {P}[u(V_T)]. $$\end{document}$$Due to the dynamic consistency property of the conditional expected value operator, this problem can be efficiently solved through dynamic programming \[[@CR18]\].

In this paper we suppose that our investor has ambiguous beliefs, meaning that, rather than having a single probability $\documentclass[12pt]{minimal}
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Conclusions and Future Works {#Sec6}
============================

In this paper we formulate a dynamic portfolio selection problem under ambiguity by referring to an $\documentclass[12pt]{minimal}
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